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INTRODUCTION 
Let D = (P, B) be a Hadamard 2-( 4A + 3, 2A + 1, A) design, where P and B denote the 
sets of points and blocks of D, respectively. Let T be a bijection from B to P such that 
(a) T(a) does not belong to a for every element a of B, and (b) T(a) belongs to f3 if 
and only if T(f3) does not belong to a for every 2-subset {a, f3} of B. Then we call D, 
together with a T, a Hadamard tournament. It is known that the Hadamard matrix 
corresponding to a Hadamard tournament is equivalent to a skew-Hadamard matrix 
([7], [8]). 
Now we are interested in a (D, T) with a transitive automorphism group G, which we 
simply call a THT. Here an automorphism S of (D, T) is an automorphism of D such 
that T(a)s = T(as) for any element a of B. Classic and seemingly only examples of THT 
are quadratic residue (or non-residue) de~igns D(q), where q is a prime power such that 
q == 3 (mod 4), with appropriate Ts. J. B. Kelly and E. C. Johnsen, independently, 
characterized D(q) wit}1 q a prime as a THT such that G contains a cyclic transitive 
subgroup ([4], [5]), and C. W. H. Lam characterized D(q) as a THT such that G is of 
rank 3 on P ([6]). t We notice that their assumptions imply that 4A + 3 is a prime power. 
In this paper we establish this fact for larger classes of THT. Two particular such classes 
are mentioned here: (1) (D, T) such that G contains a regular transitive subgroup. Cases 
of Kelly, Johnsen and Lam are included in (1). (2) (D, T) such that G contains a 
supersolvable transitive subgroup. Furthermore, we show that 9p cannot be the order of 
a THT, where p is a prime larger than 3. We note that G obviously has odd order and 
hence, by the Feit-Thompson theorem, it is solvable. 
For basic results on group theory and Hadamard matrices see ([2]) and ([1]), respec-
tively. 
1. PRELIMINARIES 
Let (D, T) be a THT with a transitive automorphism group G. Since G is transitive 
on. P, we can transfer the structure of D to G as follows. Let a be a fixed point of P and 
Ga the stabilizer of a in G. For each point b of P we choose an element Sb of G such 
that aSb = b. Then we identify Gasb with b. Let c, d and e be points of P such that CSd = e. 
Then, (GaSJSd = Gas .. Since asc == C and as, = e, we have that (asc)sd = a(scsd) = as •. 
Hence, (ScSd)S;l belongs to Ga, and so Ga(ScSd) = Gas, = (GaSc)Sd. Thus, G as an 
automorphism groups acts by right multiplication. 
Next, let a be a block of B such that T( a) = Ga. Then a is a union of right cosets of 
Ga· 
LEMMA 1. a is a union of double cosets of Ga. 
PROOF. Let h be any element of Ga. Then, since h is an automorphism of (D, T), 
we have that Ga = Gah = T(a)h = T(ah) = T(a). Since T is a bijection, ah = a. 
tIn [6] Lam did not state that his THT is a D(q). However, the Feit-Thompson theorem may be applied 
to conclude that his THT is a D(q), and this fact is communicated to the author first by Jonathan T. Hall. 
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By Lemma 1, the set a -1 of inverses of elements of a is also a union of double cosets 
of Ga. 
LEMMA 2. The following decomposition holds 
G=Ga+a+a-1• (1) 
PROOF. By condition (a) on T, Ga does not belong to a. Now assume that Gasb does 
not belong to a. Then, since Gasb = T(a)sb = T(asb), by condition (b) on T, Ga belongs 
to aSb- So GaSbl belongs to a. 
Let Ga be the global stabilizer of a in G. 
PROOF. If h is an element of Ga, then T(a) = Ga = Gah = T(a)h = T(ah). Since T 
is a bijection, a = ah. Clearly, we can iterate our argument. 
Let q GJ denote the group ring of G over the field C of complex numbers. Let X be 
a subset of G. Then, as an element of C[ GJ, X means the sum of elements in X: X = -
LXEx X. 
LEMMA 4. The following equality holds in q GJ: 
a-1a = (2A + 1)mGa +Am(G- Ga), 
where m denotes the order of Ga. 
(2) 
PROOF. By (1) and Lemma 1, a consists of 2A + 1 left cosets of Ga. Clearly, 
Gay-1 yGa = mGa for every element y of G. Thus, if x is an element of Ga, then x appears 
in a-1a with multiplicity (2A+1)m. Next, let x be an element of G-Ga• Then, by 
Lemma 3, ax'" a. So ax n a consists of A right cosets of Ga. Write ax n a = 
GaXl + ... + GaXA = GaYIX + ... + GayAx, where GaXi and GaYi are subsets of a(1:s:; i:s:; 1). 
Renumbering the Yi if necessary, we may assume that Xi = YiX (1 ,,-;:;; i ,,-;:;; A). Then x = 
(YYi)-l(YXi) for any element Y of Ga (1 :s:; i:s:; A). SO x appears in a -la with multiplicity Am. 
From (1) and (2) we obtain the following fundamental equation for a THT: 
a 2 +ma-(A+1)m(G-Ga)=O. (3) 
Now let R be a non-trivial irreducible representation of G in Co By Schur's lemma, 
R( G) is a scalar matrix. Let Tr denote the trace function. Therefore, Tr[R( G)] = 
LXEG Tr(x) = 0 by the orthogonality relation of group characters. So R( G) = O. Thus, 
from (3) we obtain that 
R(a)2+ mR(a) + (A + 1)mR(Ga) = O. (4) 
Next, assume that R restricted to Ga contains the identity representation with multiplicity 
n. Then using the complete reducibility of R restricted to Ga and the argument by which 
R( G) = 0 is shown, we obtain that 
where In denotes the identity matrix of degree n. Now set 
R(X)=(~ !), 
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where A has degree n and xis an element of G. Then 
R( GaxGa) = R( Ga)R(x)R( Ga) 
= (m:n :)(~ !)(m:n :) = (m;A :). 
So, by Lemma 1, we may set 
Therefore, from (4) 
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X~ + mXn + m 2(A + 1)ln = 0 (5) 
follows. By (5), the eigenvalues of Xn are equal to either VI = -(1/2)m{1- [-(4A + 3)]1/2] 
or V2 = -(1/2)m{1 +[-(4A + 3)r12}. Let mj be the multiplicity of Vj(i = 1, 2). Then, from 
(4) and (5) we have that 
Tr[R(a)] = Tr(Xn) = -(1/2)m{n - (ml - m2)[-(4A + 3)]1/2}. (6) 
2. THE DISTINGUISHED PRIME P AND P-RATIONAL REPRESENTAIONS OF G 
As before, (D, T) is a THT with a transitive automorphism group G. 
THEOREM 1. There exists a prime p such that 
4A +3 = pS2 and p== 3 (mod 4), 
where s is a positive rational integer. 
(7) 
PROOF. In the presentation of Section 1 only the transitivity is required for G. So 
we may assume that G is replaced by a minimal transitive subgroup, which for simplicity 
we denote again by G, such that any proper subgroup of G is intransitive. 
Since G is solvable, by Feit-Thompson theorem, G contains a normal maximal subgroup 
M whose index is a prime, say p. By the minimality of G, M contains Ga and G has a 
linear representation L whose kernel equals M. We take L as R in equations (4)-(6). 
We notice that Vj(i = 1, 2) is a sum of pth roots of unity. Let ep be a primitive pth root 
of unity. Then it is well known that the only quadratic subfield of Q(ep ) is Q(pl/2) or 
Q« _p)I/2) according as p == 1 (mod 4) or p x 3 (mod 4), where Q denotes the field of 
rational numbers. Since 4A + 3 is obviously not a square, by the definition of nj(i = 1, 2), 
Theorem 1 is obtained. 
The prime p in Theorem 1 will be called the distinguished prime of G. 
An irreducible representation R of G is called p-rational if the character of R belongs 
to the field of qth root of unity, where q is prime to p. The number of p-rational irreducible 
representations of G is not smaller than that of p-regular conjugacy classes in G, where 
a conjugacy class in G is called p-regular if it consists of elements whose order is prime 
to p (see, for instance, [3]). 
Now if R in equation (6) is p-rational, then from equations (6) and (7) we obtain that 
ml = m2 and n = 2ml. Namely, we have proved the following lemma. 
LEMMA 5. Let G be a transitive automorphism group of a THT (D, T) and p the 
distinguished prime of G. Assume that G possesses a non-trivial and p-rational irreducible 
representation R and that R restricted to Ga contains the identity representation with 
multiplicity n. Then n is even. 
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Notice that Lemma 5 holds if we replace R with a p-rational and in general reducible 
representation S such that S contains no identity representation of G as an irreducible 
component. The proof goes the same way as in an irreducible case. 
If Ga = 1, namely if G is regular, then n equals the degree of R, which is well known 
to be odd. So by Lemma 5 every non-trivial irreducible representation of G is not 
p-rational, which implies that G is a p-group. Thus, we have proved the following theorem. 
THEOREM 2. If the automorphism group of a THT contains a regular transitive subgroup, 
then 4A + 3 is a power of a prime. 
3. A PROPOSITION IN GROUP THEORY AND ITS ApPLICATION 
First of all we prove the following result in group theory. 
PROPSOTION. Let p be an odd prime. Let G be a finite solvable group and H a subgroup 
of G. Assume that (a) the index of H in G is not a power of p, (b) for any chief factor 
K J L of G such that K J L has order a power of a prime other than p, KH = LH or the index 
of LH in KH is an odd power of a prime, and (c) there is no proper subgroup M of G such 
thatG=HM. 
Then G possesses a p-rational representation R such that (1) R does not contain the 
identity representation of G as a irreducible component, and (2) R restricted to H contains 
the identity representation of H with odd multiplicity. 
PROOF Let N be a minimal normal subgroup of G. Then G J Nand HN J N satisfy 
(b) and (c). (b) is obvious. To prove (c), let MJ N be a proper subgroup of GJ N such 
that G J N = (HN J N)(M J N). Then G = HNM = HM, a contradiction. If G J Nand HN J N 
satisfy (a), then by induction, GJ N has a p-rational representation R satisfying (1) and 
(2) . Let X be the character of R. Then, LXeHN X(x) = nIHNI , where n is odd and IXI 
denotes the number of elements in a subset X of G. Let HN = L;=l h;N be the coset 
decomposition of HN with respect to N, where h; is an element of H(1'" i ... r) . Thus, 
r 
L X(x) = INI L x(h;) , 




i - I 
Consequently, 
r 
L X(x) = IH n NI L X(h;) = nlHI , 
xeH ;=1 
proving the statement. Hence we may assume that the index of HN in G is a power of p. 
Let P be a Sylow p-subgroup of G. Then, by assumption (c), G = HNP = NP. Thus, 
N is an elementary Abelian Sylow q-subgroup of G, with q ,c p, and G is p-nilpotent. 
Now let JL be a non-trivial linear representation of Nand JL G the representation of G 
induced by JL. Then JL G contains no identity representation of G as an irreducible 
component, and its character X vanishes at the elements whose orders are divisible by p. 
Thus, 
L X(x) = L X(x) = L JL(y-1xy) , 
xe H x e H (q ) x e H(q ),ye P 
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where H(q) denotes the Sylow q-subgroup of H Here LxEH(q) JL(x) = IH(q)1 if and only 
if the kernel of JL which is a maximal subgroup of N, contains H(q). Therefore, 
L X(x)= L JL(y-1xy)=1P1 L JL(x) = IPIIH(q)lt, 
lL,xEH IL,XEH(q),YEP lL,xEH(q) 
where t denotes the number of maximal subgroups of N containing H(q). Since, by 
assumption (b), the index of H in NH, which is equal to the index of H(q) in N, is an 
odd power of q, say q2U+\ t=1+q+" '+q2u is odd. Hence for some JLLXEHX(X) is 
odd, proving the statement. 
Applying the proposition to a THT, we obtain the following theorem. 
THEOREM 3. Let G be a minimal transitive automorphism group of a THT and p the 
distinguished prime of G. Moreover, let a be a point and Ga the stabilizer of a in G. If 
4,\ + 3 is not a power of p, then there exists a chief factor K / L of G such that (a) K / L is 
aq-group withq;t:. pand (b) the indexofLGa inKGa equalsq2U, where u is a positive integer. 
In particular, if G is supersolvable, then 4,\ + 3 is a power of p. 
PROOF. Set H = Ga. If G and H satisfy conditions (a)-(c) in the proposition, then 
we get a contradiction to the remark after Lemma 5. But (a) and (c) are certainly satisfied. 
So (b) should be denied. 
If G is supersolvable, then all the chief factors of G have prime orders. Then (b) is 
automatically satisfied. So in this case 4,\ + 3 is a power of p. 
4. THERE ARE NO THT WITH ORDER 9p(p> 3, prime) 
Though the utility of Lemma 5 seems to be exhausted with Theorem 3, there seems 
to exist a further possibility to show that 4,\ + 3 is a power of the distinguished prime. 
However, we are only able to prove this in a very special case. 
THEOREM 4. Let (D, T) be a THT with a minimal transitive automorphism group G. 
Let p be the distinguished prime of G. If P is bigger than three, then 4,\ + 3;t:. 9p. 
PROOF. Assume that 4,\ + 3 = 9p. 
Let a be a point and Ga the stabilizer of a in G. Then the index of Ga in G equals 
9p. By the minimality of G and P. Hall's theorem, G is a {3, p}-group, i.e., the order of 
G is a product of powers of 3 and p. 
By Theorem 3, there exists a chief factor K / L of G such that the index of LGa 
in KGa equals 32u, where u is a positive integer. Since (G: Ga) = 
(G: KGa)(KGa : LGa)(LGa : Ga) = 9p, where (X: Y) denotes the index in X of a sub-
group Y of a group X, we have that u = 1 and that either G = KGa and (LGa : Ga) = p, 
or (G:KGa) = p and LGa = Ga. 
In the former case, G = K and (G: LGa) = 9. So if G(3) is a Sylow 3-subgroup of G, 
then-by the minimality of G-G = G(3)LGa = G(3)L. This implies that G contains a 
normal maximal subgroup of index 3. Since p;t:. 3, by Theorem 1, this is a contradiction. 
Consequently, (G: KGa) = P and that L is contained in Ga. Since Ga contains no 
non-trivial normal subgroups of G, L = 1 and K is a minimal normal subgroup of G. 
Thus, K is an elementary Abelian 3-group. Let M be the normal maximal subgroup of 
G of index p in the proof of Theorem 1. If M;t:. KGa, then G = MKGa = MK. Since 
(G:M)=p and K is a 3-group, this is a contradiction. Therefore, M=KGa. Let G(p) 
be a Sylow p-subgroup of G. Then G = G(p)M = G(p)KGa = G(p)K. 
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Let M(p) be a Sylow p-subgroup of M which is contained in Ga. Then by Sylow's 
theorem we may assume that M(p) is contained in G(p). Since (G(p): M(p» = p, M(p) 
is normal in G(p). Assume that M(p)'<:' 1. Let N(M(p» denote the normalizer of M(p) 
in G. Then using Sylow's theorem we get G = N(M(p»M = N(M(p)KGa = N(M(p»K. 
This implies that M(p)K is a normal subgroup of G. Now (KGa : Ga) = (K: K nGa) = 9 
and K n Ga is normal in Ga. Thus K n Ga and K are invariant under conjugation by 
elements of M(p). So by Maschke's theorem ([2], p. 122) there exists a subgroup J of 
K of order 9 such that J is invariant under conjugation by elements of M(p). Since 
p~ 7, this implies that J and M(p) are elementwise commutative. Let Z(M(p)K) be 
the center of M(p)K. Then J is contained in Z(M(p)K) n K which is a normal subgroup 
of G. Since K is minimal normal, K is contained in Z(M(p)K). This implies that M(p)K 
is a direct product of M(p) and K and so M(p) is a normal subgroup of G. This is a 
contradiction. So M(p) = 1 and G(p) is cyclic of order p. Moreover, G = G(p)M = 
G(p)KGa = G(p)K. Consequently, Ga is a subgroup of K of index 9. 
Now we recall that T(a) = Ga and show that the number of right cosets in K nan ax 
is divisible by 3 for any element x of K - Ga. Since 4A + 3 = 9p, I is a multiple of 3. By 
Theorem 2, Ga '<:'1. By Lemma 3 we have that a'<:' ax. Let GayGa be a subset of a n ax 
not contained in K. Then y is a p-element other than the identity. By the minimality of 
K, we have that Ga '<:' y-)Gay. Thus the number of right cosets of Ga contained in GayGa 
is divisible by 3. This proves the assertion. 
From (1) we obtain that 
(8) 
By (8), K n a consists of four right cosets of Ga. We may assume that K n a contains 
a generating system {Gae), Gaez} for K/Ga. Set Kna = {GaeJ, GaeZ, Gax, GaY}. Then 
since (Kna)et)ez contains Gaez, we have that I{GaeJ,Gax,Gay}n 
{Gaet 1 ez\ Gaxet1 ez, Gayet1 ez}1 = 2. So we may assume that 
(a) {Gae), Gax} ={ Gaetl ell, Gaxel1 e2}, 
(b) {Gael, Gax} = {Gaell ell, Gayel) e2}, 
(c) {GaeJ, Gax}={Gaellezx, GaellezY}, 
(d) {Gax, GaY} = {Gael) ell, Gaxell e2}, or 
(e) {Gax, GaY} = {GaelleZx, Gaellezy}. 
If (b) occurs, then Gax = GaetleZI = GaY, a contradiction. We can eliminate the cases 
(c)-(e) in a similar way. Thus (a) occurs and K na = {GaeJ, GaeZ, Gaetlez\ GaY}. Since 
an(Ga+a-l ) is empty, either (a) GaY = Gae1eZ) or (b) Gay=Gaet1ez. If (a) occurs, 
then K nan aez ={Gae)}. If (b) occurs, then K nan ael = {Gaez}. 
This completes the proof of Theorem 4. 
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